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1. INTRODUCTION 
We are concerned with global solutions u = u(t, x) to the Cauchy 
problem for a nonlinear, strictly hyperbolic n x n system of conservation 
laws in one space dimension: 
u, + cq~)lx = 0, -co <x< co,t>o. (1.1) 
u(0, x) = U(x). (1.2) 
Assuming that every characteristic field is genuinely nonlinear, the 
existence of weak solutions to (l.l), (1.2) with small total variation was 
first proved by Glimn [3], using a probabilistic algorithm. A deterministic 
version of his scheme is now also available [S]. For 2 x 2 systems, an 
alternative method for constructing solutions of the Cauchy problem as the 
limit of a sequence of piecewise constant approximations U, was introduced 
by DiPerna [2], based on wave-front racking. The constructive procedure 
for U, starts at t = 0 with a piecewise constant approximation u,(O, .) of U. 
In a neighborhood of each point of discontinuity, the generated Riemann 
problem is solved within the class of piecewise constant functions. The 
waves determined by these discontinuities travel with constant speed until 
the time t, at which the first set of wave interactions takes place. Since 
u,(tI, .) is still a piecewise constant function, the corresponding Riemann 
problems can again be solved withing the class of piecewise constant func- 
tions. The solution U, can then be continued up to a time t, where the 
second set of wave interactions takes place, etc. The core of the argument 
consists in showing that the total variation of each U, remains small, and 
that the number of lines of discontinuity remains finite. As v + co, a 
subsequence u,, thus converges to a weak solution u of the Cauchy 
problem, which satisfies the usual “entropy” admissibility conditions. 
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The aim of the present paper is to extend the above method to n x n 
systems, not necessarily genuinely nonlinear. In the general case, the proce- 
dure used in [2] may well yield an infinite number of discontinuities within 
finite time. To overcome such a difficulty, to each jump (u,, u,) in the 
approximate solution U, we attach two integers: a type iE (0, . . . . rr} and an 
order k E { 1, . . . . v}. When the type i is 21, this indicates that the left and 
right states uI, U, lie on a single characteristic line or on a shock curve of 
the ith family. Jumps of type 0 may have arbitrary direction, but their size 
is very small; they all travel with a fixed speed &,, strictly larger than all 
characteristic speeds. 
The order of a discontinuity keeps track of its past history, counting how 
many interactions took place in order to produce it. Waves generated by 
the initial Riemann problems at t = 0 have order 1. To waves generated by 
the interaction of discontinuities of orders h, k, respectively, we assign 
order 1 + max{h, k}. In our approximate solution, jumps of order v cross 
each other, producing a single additional wave, of type 0 and order v. Since 
all waves of type 0 travel with constant speed &,, they never interact with 
each other, thus keeping the total number of discontinuities finite. By 
showing that the total strength of waves of order v approaches zero as 
v + co, we prove that any limit of approximate solutions is a weak solution 
of the Cauchy problem, satisfying the entropy admissibility conditions as 
well. 
In a forthcoming paper [l] it is proved that, for systems with coinciding 
shock and rarefaction waves, solutions generated by the present algorithm 
are unique and depend continuously on the initial data. Moreover, explicit 
bounds can be given on the distance I(u - u,II 9L between an exact solution 
and our piecewise constant approximations. These results were indeed the 
primary motivations for developing the present algorithm. We conjecture 
that they continue to hold in the more general case. 
2. PRELIMINARIES 
Assume that the system (1.1) is strictly hyperbolic, with smooth coef- 
ficients. Call L,(w) < . . . < n,(w) the eigenvalues of the Jacobian matrix 
DF(w) of F at the point w, and let ri(w), l,(w), i= 1, . . . . n, be families of 
right and left eigenvectors, normalized so that 
IlrAwH - 1, (lj(W), ri(W)) = 1 1 if i =j, 0 if i# j. 
In the following, if f is a function defined on R”, its directional derivative 
along the vector field ri at w is written 
r,af(w)= [Df(w)].ri(w)=~mohel[f(w+hri(w))-f(w)]. 
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We assume that, for each i= 1, . . . . n, at least one of the following conditions 
holds: 
ri*Aj(w)>O VW, (2.1) 
r,*&(w)=0 VW, (2.2) 
ri*ri(w)=O Vw. (2.3) 
Otherwise stated, each characteristic field is either genuinely nonlinear or 
linearly degenerate, or else its integral curves are straight lines. Charac- 
teristic fields satisfying (2.3) will here be called pseudo-linear. Observe that, 
in the last two cases, shock and rarefaction curves coincide [8]. 
As in [2, 31, the Riemann problem play here a key role in the construc- 
tion of the solution. In this connection, we recall some basic results. Denote 
by (exp or,)(w) the value at time c of the solution of the Cauchy problem 
in R”, 
ti = ri(u), u(0) = w. 
For any fixed w, i, the map g + (exp m,)(w) yields a parametrization of the 
ith characteristic urve through the point w. The corresponding ith shock 
curve is the set of points w’ such that 
(lj(W’, w), w’- w) =o vj # i, 
where Zj(w’, w) denotes thejth eigenvector of the matrix 
A(w’, w)=j’ A(Cw+(lL4)w’)d< 
This curve can also be parametrized in terms of its arclength, by a map 
cr -+ w’(c, w, i) such that 
~‘(0, w, i) = w, IFi = 1, (z)OzO=ri(w). 
The functions 
da, i)(w) G 1 
(exp arAw) if a> 0, 
w’(a, w, i) if o<O 
are twice continuously differentiable. Concerning the strength of waves 
occurring in the solution of a Riemann problem, several estimates are 
available [3, 4, 6, 71. 
LEMMA 1. For some constants C,, E~ > 0 the following holak If two 
states w,, W,E KY satisfy (w,I, Iw,I GE,, then there exist unique CJ~, . .. . a,, 
such that 
w,= da,, n)o ... oda,, l)(w,). (2.4) 
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Moreover, 
i$l bil 6 Cl. Iw,--lb (2.5) 
LEMMA 2. For some constants C, , Em the following holds. Assume 1 w, 1, 
Iwml, Iwrl G&I, 14, b’l G&I. 
(i) Zf i< j and w,= g(a, i)o g(g’, j)(w,), then the parameters 
1 uI, . . . . @m in (2.4) satisfy 
I"i-UI + l"j-U'l + 1 (U/.-l <Cl IUI IU’l. V-6) 
k#i,i 
(ii) If wr= g(a, i)o g(o’, i)(w,), then in (2.4) one has 
I(Ti-(T-d) + 2 ldkl 6 c, 101 IdI. (2.7) 
kfi 
(iii) Zf w, = g(a, i)(w,), then 
I(g(o, i)(wd- (w,--~)I G C1 Iw,--~I 14. (2.8) 
From now on, cl, C, will denote constants for which the conclusions of 
the above lemmas hold. It is not restrictive to assume that, in addition, 
O<&,<l<Ci, Cl&, < A. (2.9) 
3. THE RIEMANN PROBLEM 
Given an integer v 2 1, in this section we construct an approximate 
solution to the Riemann problem 
v, + C4v)lx = 0, 
if x < X, 
if x > 2, (3.1) 
within the class of piecewise constant functions of the form 
v(t,x)=# s ) ( 3 t>i. 
By Lemma 1, there exist unique states wO, wl, . . . . w, and parameters 
cl, . . . . cr, such that 
wg=u-, wn=u+, wi= doi, i)(Wi- I)7 i = 1, . . . . n. (3.2) 
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If all jumps (w,- i , wi) were shocks or contact discontinuities, the Riemann 
problem would have a piecewise constant solution with <n lines of discon- 
tinuity. In the general case, rarefaction waves may appear. These will be 
approximated by piecewise constant rarefaction fans, inserting additional 
states wi,[, I= 1, . . . . pi, as follows. 
For each i, if (2.1) holds and cr, d 0, set pi = 1 and define 
wi,l = wi, Xj,l(t)=~+(t--f)jli(Wi~1, Wj), 
where Izi(wi-r, wi) is the ith eigenvalue of the matrix 
(3.3) 
A(Wj-l*Wj)=S,’ A(~wi-l+(1-<)wj)d5. 
If (2.1) holds but cri > 0, let pi be the smallest integer such that Gi/piG v-‘. 
For 1= 1, . . . . pi define 
wi,/ = d1ai/Pi9 i)(wi- I ), Xi,,(t)=jE+(t--~i(Wi,l). (3.4) 
If (2.2) holds, set pi= 1 and define 
wi,l = wi, xi,J(f)=x+(t-i)ni(wi). (3.5) 
If (2.3) holds, let q be the smallest integer such that ]ei(/q<v-‘. For 
s E [0, Ioil 1, define 
w(J)=(eV%ri) (Wi-l), Ai(s)=Ai(W(S))y 
Call f* the largest convex function on [0, [oil] such that 
f* (i lgil)<f(f Iflil)y j=O> ...y 4. (3.7) 
Clearly, f * is piecewise linear. By convexity, its derivative is a piecewise 
constant, nondecreasing function of s E [0, (ei I], say with jumps at the 
points 0 = to < r1 < . . . < {,, = Igi 1. Call B the family of all partitions of 
[0, Iail] into subintervals [qj_ i, qj] whose endpoints lie in the set 
it 0, . . . . <,*}. If 0 = q0 < vi < ... < qP = Igil are the nodes of a partition 
9~9, define 
IA = PT WY= i SJ’ [l,(s) -&(s’)]ds ds’. (3.8) 
j=l rl/-I<S<S’<rl/ 
WAVE-FRONT TRACKING 419 
Of course, p < q’ <q. Choose a partition 8, say with nodes 
o=s,< ... < sP, = Igil, such that 
r(9) - IBl/v* = FEa; {r(P) - /PI/v’}. (3.9) 
For 1= 1, . . . . pi, define 
1 
&=-. s w 45) d5, SI--SI-1 S,-l 
xi,,(t)=x+(t-f]&J. 
(3.10) 
Observe that the convexity of f* implies ii, 1 < . . . < I,,. 
As soon as the intermediate states wi,[ and the locations xi,,(t) of the 
jumps have been determined, we can define an approximate solution to 
(3.1) by setting 
u- if x <x1.1(~), 
u(t, x) = 
I 
u+ if x > ~~,~,(l), 
wi tzwi,p,) if xi,p,(l)<X<Xi+l,l(t), 
(3.11) 
Wi.1 if xi,~(f)<x<xi,l+~(r)* 
4. APPROXIMATE SOLUTIONS 
Fix v 2 1 and let an initial condition ii be given. The construction of the 
approximate solution starts at t = 0, choosing a piecewise constant function 
u such that 
I :m lu(O,x)-U(x)1 dx<v-‘, TV(u(0, .)) <TV(G). (4.1) 
At each point where ~(0, .) has a jump, we solve the corresponding 
Riemann problem as in (3.11), assigning order 1 to each outgoing wave. 
The approximate solution is thus defined until a first time t, when two or 
more discontinuities interact. Observe that, by possibly raising the speed of 
one of these waves by 2-“, we can always assume that no more than two 
discontinuities interact at any single time. The solution can then be con- 
tinued beyond the interaction time by solving the new Riemann problem. 
Unfortunately, if the procedure described in Section 3 is used at every point 
of interaction, the number of jumps may well become infinite within finite 
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time. To prevent this from happening, whenever a discontinuity of order v 
meets some other wave, we lump together all newly generated waves and 
force them to travel with a speed A,, fixed once and for all, strictly larger 
than all characteristic speeds J,(w). More precisely, let (t; 2) be the loca- 
tion in the t-x plane where the interaction occurs, and let Us, u,, U, be the 
left, middle, and right states defined in a neighborhood of X, before time i 
Three separate cases will be considered, depending on the types 
i,, i, e (0, . . . . n} and on the orders k,, k, E { 1, . . . . v} of the two incoming 
waves. 
Case 1. i,, i, # 0, k,, k, < v. An approximate solution to the Riemann 
problem is then constructed exactly as in (3.11), with U- = u,, U+ = u,. To 
each outgoing wave of the jth characteristic family we assign type j and 
order 
max{k,, k2} + 1 if j#i,, i,, 
min{k,, k2) if j=i,=i,, 
k, if j= i, #i,, 
(4.2) 
k2 if j=i2#i,. 
Case 2. i,, i, # 0, at least one of the orders k,, kz equals v. Before the 
interaction occurs, observe that the three states u,, u,, U, are related by 
for some err, cr2. In this case, define 
u- = u,, u+ _ da,, jl)oda2, j2)(4) 
{ 
if ii #i2, - 
da, + 02, jl)(4) if i, = i,. 
(4.3) 
Call u = u(t, X) the piecewise constant approximate solution of (3.1) with 
initial data (4.3), constructed at (3.11), observing that only waves of the 
characteristic families ii, i2 can be present. An approximate solution u to 
our original Riemann problem with data (u,, u,) can now be obtained by 
letting the small jump (u+, u,) travel with constant speed I,. More 
precisely, we define 
u(t, x)= 1 
44 x) if xci!+(t-i)&, 
u 
r if x>iY+(t-t]&. 
(4.4) 
If the incoming waves have orders k,, k, and i, # i,, these same orders are 
assigned to the outgoing waves of the corresponding families. If i, = i2, to 
the outgoing waves of the i, th family we assign order min{k,, k2}. The 
outgoing wave (U +, u,), travelling with speed A,,, has type 0 and order v. 
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Case 3. i, =O, iz >O, k, = v, k, < v. In this case we have 
U, = g(o, i2)(u,), for some c. Define U- = u,, u+ = g(a, i*)(q). Call 
Y = o(t, X) the approximate solution of (3.1) with these data, defined at 
(3.1 l), observing that all outgoing waves belong to the i,th characteristic 
family. As in the previous case, we now define the approximate solution u 
to our original Riemann problem with data (Us, u,) by (4.4). To each out- 
going wave of the i2 th characteristic family we assign type i2 and order k, . 
To the outgoing wave (u+, u,) we assign type 0 and order v. 
Since every discontinuity of type 0 has order v and travels with the fixed 
speed l,,, larger than all other characteristic speeds, it is clear that the three 
previous cases cover all possible interactions occurring in our piecewise 
constant approximate solution. By showing that its total variation remains 
small and that the total number of wave interaction is finite, we will prove 
that such solution is well defined for all t>,O. 
5. A PRIORI ESTIMATES 
Throughout this section we fix an integer v 2 1 and let u be a piecewise 
constant approximate solution to (l.l), (1.2), constructed in Section 4. 
A priori bounds on the total variation of u can be obtained as in [3]. For 
any t > 0 at which no interaction occurs, let xl(t) < ... c x,(t) be the 
points where u( t, .) has a jump. If the dicontinuity at xk is of type i(k) # 0, 
then 
u(t,xk+)=d~k, iW))(u(t,xk-)) (5.1) 
for some ok. In this case we call lokl the strength of the jump. If the discon- 
tinuity is of type 0, we define the strength of the kth jump simply as 
Jbkl Alu(t,x,+)-u(t,x,-))I. Two waves, of type i,, i, and located at 
Xl <x2, respectively, are said to approach if one of the following alter- 
natives holds: 
(1) il, iz#O, il >i,. 
(2) i,=O, i,#O. 
(3) i, = i2 = i # 0, (2.1) holds, and at least one of the waves is a 
shock. 
(4) i, = i2 = i # 0, (2.3) holds, and the waves have opposite signs. 
More precisely, in (4) we require that c1g2 < 0, where 
4x1+ I= &al, iNub - ))Y a,+ I= dfJ2, I')(u(x2- 1). 
409/170/Z-9 
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As customary, deline the total strength of waves at time t and the potential 
for future wave interactions respectively as 
V(t) = 1 la/A, 
where the second summation extends over all couples of approaching 
waves. From (2.5) it follows that 
TV(u(0, .)< I’(O+) < C, .TV(u(O, .)), Q(O+)< V2(O+). (5.2) 
Let t > 0 be a time where two waves interact, say with type ii, i, and 
strength Icri 1, lcr21, respectively. If the two waves were approaching 
(according to the above definition) then, in any of Cases l-3 in Section 4, 
by Lemma 3 for a suitable constant C, we have 
dV(t)G lqt+)- v(t-)<C, Ia11 Ia21, 
AQ(t) A Q(t+ I- Q(t- 1 d - b,l 1~2l+ C, 1~11 1~~21 . Vt- 1. 
(5.3) 
If instead i, = i,= i, 0102 >O, and (2.3) holds, then AV(t)=AQ(t)=O. In 
all cases, it follows that 
A V(t) + 2C, AQ( t) < 0, (5.4) 
as long as F’(t - ) < (2C,)-‘. Choose q, > 0 so small that 
C,sO+2C1(C1so)2Gmin{s,, (2C,))‘}. 
If TV(c) < so, then (5.2), (5.4) imply the global a priori bound 
TV(u(t)) < J’(t) + 2C, Q(t) d mm 
1 
3 I 
q, 2~, vt>o. (5.5) 
More detailed estimates involving the order of interacting waves will be 
needed. Call V,(t) the strength at time t of all waves of order >k, and set 
Qk(t) = C laj I la,,l, where the sum extends over all couples of approaching 
waves, say of order h, h’, with max(h, h’} 2 k. Moreover, call Zk the set of 
times where two waves of order h, h’ interact, with max{h, h’) = k. The 
bounds (5.3), (5.4) can now be supplemented by 
A V,J t ) = 0, tEz,u f*. UZk-2, 
AT”,(t)+E, AQk-l(t)<:, tEI,-, UZkU ... uz,, 
AQAt) + 2C1 AQ(t) V’dt- 1 d 0, tez, u .‘. UZk-2, 
AQdt) + 2C1 AQk- I(t) Ut- ) G 0, tez,-1, 
AQ,c(t) < 0, tEz,uz~+,u ... VI,. 
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In the following, we write [s] + =max{s, 0} and [s] _ =max{ -s, 0} for 
the positive and negative parts of a real number S. Observing that V, = V, 
Q, = Q, and Vk(O+ ) = &JO+ ) = 0 if k 2 2, the above estimates and (5.5) 
imply 
+2C, sup J’(t). 1 CdQ,-,(z)l- 
< C4C:s: + X,&,1 1 CdQk.- l(z)l. 
o<r<m 
By induction, we thus obtain 
o<F<, C~Ql(~)l~ ~Q(O+W:, 
1 CdQ,(~)l- G 
o<rcm 
o<z o. CdQd~)l + 
< [4C:E: + 2CrE,lk- l&f Vk> 1, 
V,(t)< [~C;E:+~C,E,]~-~.~C,E; Vt. 
(5.6) 
(5.7) 
(5.8) 
(5.9) 
Recalling (2.9), since all waves of type 0 have order v, the above implies: 
COROLLARY 1. For any t > 0, the sum of all strengths of all waves of 
type 0 is bounded by 2 -“. 
In order to estimate the total number of wave interactions, an additional 
quantity must be introduced. Assume that two states uI, U, lie on a same 
curve of the ith characteristic family, so that u, = (exp oiri)(u,) for some rri. 
We define the cohesion r of the jump (u,, u,) by setting 
I,(s)=&((exP$ri) (Ml)), sECo, IOil], 
Clearly, rc0 in the case of a rarefaction wave, while r=O if the ith 
characteristic family is linearly degenerate. For notational convenience, we 
also set T(u,, u,) = 0 in the case of a shock of a genuinely nonlinear family, 
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or of a jump of type 0. For our approximate solution U, the total cohesion 
of waves at time t is defined as 
r(t) = 1 r(“(t, xk- 1, u(t, xk+ I), 
where the summation formally extends over all discontinuities of u(t, .). By 
the previous definition, only rarefaction waves of genuinely nonlinear 
families and waves of pseudo-linear characteristic families can actually 
contribute nonzero terms. The next lemma describes how r changes as 
waves interact. 
LEMMA 3. For some constants C,, Ed the following holds. At any time 
t > 0 where two waves interact, let pi 2 1 be the number of discontinuities of 
type i issuing from the point of interaction, as in (3.11). Then 
dr(t)>C,dQ(t)+$ ,i (Pi-l). 
1=1 
(5.10) 
Proof: Choose constants C3, Ed > 0 such that 
Irj*42i(w)l GC,, ki*k(w)I >E3 VW, (5.11) 
for all characteristic families j, i, with i satisfying (2.1). Let uI, u,, u, be the 
left, middle, and right states before interaction, and let the two incoming 
waves have type i, i’ and strength 101, II+(, respectively. In any of Cases l-3 
considered in Section 4, let u- = wO, w, , . . . . w, = u + be the intermediate 
states occurring in the solution of the corresponding Riemann problem 
(3.1). We recall that u- = u,, while the definition of u+ varies in the three 
cases. Define the quantities 
r- = r(ul, %A + r(%, u,), FE i T(Wi-1, Wi), 
i= 1 
If the two incoming waves approach (according to our previous definition), 
from (2.6) to (2.8) it follows that 
Q(t+ 1 G Q(t-) - 14 b’l/2~ i=> r- -c, 101 ld(, 
for some constant CA. If the incoming waves do not approach, the only 
remaining possibility is that i = i’, ~0’ > 0, and the ith characteristic family 
satisfies (2.3). When this holds, 
Far-, Q(t+ I= Q(t- 1. 
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In all cases, we have 
r-- r- + 2C, AQ(t) > 0. (5.12) 
To estimates AT, observe that 
AI’(t)= i f f(Wi,,_,y Wi,,) micl r(Wi-1, Wi)+(F---). (5.13) 
i=l ( I= 1 > 
If pi = 1, the ith terms in the above summations cancel trivially. Otherwise, 
two cases must be considered. 
If the ith characteristic field is genuinely nonlinear, let Gi > 0, pi, Wi,[ be 
as in (3.4). For notational convenience, call si = lot/Pi (I= 0, . . . . pi) and 
define A.,(s) as in (3.6). Using (5.6) and the fact that ai/pi> v-‘/2, we 
obtain 
,F, r(wi,l- 1, wi,l) - r(wi- 19 wi) 
= 2 Jj A,(s) - Ai ds ds’ 
I=1 s,-,<S<S’<S, 
- 
I I 
A,(s) - Ai s ds’ 
O<s<s’<o, 
i,(s) - &(s’) ds’ ds 
>‘g’ j-” ( j-“+I E# -s) &) ds 
[=I s,-l s, 
1.l 
~1<5<5,<1 (5’-5)dt’dt 
(5.14) 
Next, assume that the ith characteristic field satisfies (2.3). Let 
ai Pi, wi,l, SIT and A,(s) be as in (3.6)-(3.10). If pi> 1, the choice of 8 in 
(3.9) implies that 
Y(@) - Pilv2 2 Y(S) - llv29 
where PO is the trivial partition with nodes 0 = q. < vi = lai I. Therefore, 
Pi 
,sl r(wi,J- 17 
Pi-l 
wi,/)>r(wi-l, “i)+- 
v2 * 
(5.15) 
Together, (5.12~(5.15) imply (5.10), with C, = 2C,, c2 = min{e,/4, l}. 
426 ALBERT0 BRESSAN 
Using (5.5), (5.11), and (5.10) we further obtain 
W(t)1 6 GE: vt, 
AT(z) 2 G dQ(z), 
LEMMA 4. Let fi be the number of discontinuities in u(O+, . ). Set 
K= v2~~~;‘(2C2 + 2C3) and inductively define the numbers 
N,=m+K, M,=fi2+KN,, 
N k+l=nMk+K, Mk+1=f12+(nM,+K)N,+,. 
Then, for every t > 0, the number of discontinuities in u(t, .) is bounded by 
N,. The total number of interactions is bounded by M,. 
Proof: For k= 1, . . . . v, call Vz (t) the number of waves of order <k in 
u(t, .) and let Jk c [0, 00) be the set of times where two waves interact, 
both of order <k. Moreover, let Q:(t) count the couples of discon- 
tinuities, both of order <k, with the following property: if the two jumps 
are located at x <x’ and have types i, i’, respectively, then either i3 i’ or 
i = 0. These definitions imply 
v,“(o+)=N, Q,#(O+)<fl’ Vk. (5.17) 
At any time when an interaction occurs, (5.10) implies 
dV,#(t)< f (Pi-l)~~(Cd~(t)l+-Cz~Q(t)). (5.18) 
i= 1 
By (5.16), (5.18), and the definition of K it follows that 
~<~~~([dT(t)l+-C,dQ(t))BK, 
1 dVf(z)< K, Vf(t)&+K=N, Vt. 
O<r<t 
(5.19) 
(5.20) 
At any interaction time, by (5.18) we also have 
dQ:(t)~CdV:(t)I+-Y:(l-)~~([dT(I)l+-C,da(l))N,, 
de:(t)< -l++(t)]-C,dQ(t))N, VtEJl. 
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If ]Jil counts the total number of interactions between waves of order 1, 
using (5.16), (5.17), and (5.19) we conclude 
-fi2< c AQ:(t) 
o<t<cc 
hence IJ,I < f12 + KN, = M,. 
Now assume that, for every t > 0, the total number of discontinuities of 
order <k in u(t, a) is <Nk, and assume that the total number of inter- 
actions between waves both of order <k is lJkl < Mk. Observe that 
V,#, i(O + ) = 0, while at any interaction time one has 
d vi++ 1(z) G 
n+C(prl) if TEJ,, 
C(P,-1) if z#Jk. 
Therefore, for every t > 0, 
Concerning Q,“, , , at interaction times we have 
I (~+v~E;~([~~(~)]+-C~C~~Q(T)))N,+, if teJk, dQ,F+h) G v2~;‘WW)l + - Cz dQ(z))Nk+l if T$J~+~, -1 +v~~;~WWI+ -Cz dQ(z))Nk+~ if zeJ,+,\J,. 
With 1 Jk+ i I denoting the number of interactions among waves of order 
<k+ 1, for every t>O the estimates (5.16), (5.17), and (5.19) now yield 
-fi2G c dQk”,l(~)~nMkNk+l+KNk+l-IJk+ll. 
o<r<r 
Therefore, 
IJk+,l <R’+(nM,+K) Nk+,=Mktl. 
By induction, when k = v the conclusion of the lemma is reached. 
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6. EXISTENCE OF SOLUTIONS 
We recall that a function u: [0, co) x Iw H R” is a weak solution to the 
Cauchy problem (l.l), (1.2) if, for every cp E%:, 
s 
02 do, x) 4x) dx -cc 
cp,( t, x) u( t, x) + cp,( t, x) F(u( t, x)) dx dt = 0. (6.1) 
A solution u is entropy-admissible if it satisfies the entropy inequality 
Crl(u)l, + Cdu)lx G 0 (6.2) 
in the sense of distributions, where q = q(u) is a convex entropy for (1.1) 
with associated entropy flux q. 
THEOREM. There exist E,,, E, such that, for every v 2 1 and every initial 
conditions ii E Z”(R; W’) with TV(zi) <Q,, the piecewise constant 
approximate solution u, of (l.l), (1.2) constructed in Sections 3,4 is well 
defined, with TV(u,(t, .)) d cl for all t > 0. A suitable subsequence {u,.} then 
converges to some function u in Y&( [0, 00) x IL!; W). Any such limit func- 
tion u is a weak solution of(l.l), (1.2), satisfying the entropy admissibility 
condition (6.2). 
Proof: The existence and properties of the approximate solutions u, 
were established in Section 5. By a standard compactness argument, the 
uniform bounds on the total variation and on the speed of discontinuities 
of each u, imply the existence of a convergent subsequence. Assume now 
that u,, + u in dp:Oc as v’ + co, and fix any cp E %Zi. We need to show that 
(6.1) holds. Since cp has compact support and F is uniformly continuous on 
bounded sets, it suffices to prove that 
cpP-4 x) u,(O, x) dx 
+ iom r”, cPr(t, x) + cP,(t, xl F(u,(t, x)) dx dt 1 = 0. (6.3) 
Choose T such that cp(t, x) = 0 for all t > T. Call xl(t) < . . . < xN(t) the 
points where u,,(t, .) has a jump, and set 
&(t, xk) G hit, xk+ ) - U,(t, xk- 1, 
Wu,(t, x/c)) + F(u,(t, xk+ )) - F(u,(t, xk- )I. 
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For any fixed v, the expression within brackets in (6.3) is then computed by 
C&(f) . Au, (t, x,J - Wu,(& x,4)1 dt. 
Let InkI be the strength Of the wave at xk. In the case Of a genuinely 
nonlinear shock, a contact discontinuity, or a wave of a pseudo-linear 
characteristic family, one has 
a,(t)‘du,(t,Xk)-dF(u,(t,xk))=O. (6.5) 
In the case of a rarefaction wave of a geneuinely nonlinear family, recalling 
that 
~k(~)=~i(uv(t,Xk+)), liri z DF. ri, Ickl <v-l (6.6) 
and using the bound 
d”,(tv xk) 
~Y(~Y xk)i 
- ri(%(C xk+ )I G c, bkl (6.7) 
we obtain 
(6.8) 
If the jump at xk is of type 0, then 
b,(t) ‘&(t, Xk) - dF(%(t, xk))l = @(bki ). (6.9) 
By the corollary in Section 5, the sum of strengths of all waves of type 0 
is bounded by 2-‘. For every t, by (6.5), (6.8), (6.9) the size of the 
integrand in (6.4) is thus bounded by a constant multiple of v-l. If we let 
v + 03, this yields (6.3). 
Finally, let q be a convex entropy for (l.l), with entropy flux q. In order 
to establish (6.2), it suffices to show that 
lim inf g, s I O” V(K) cpt + duv) rp, dx dt 2 0 v-cc 0 -m 
(6.10) 
for every nonnegative cp E %?k with support contained in the half plane t > 0. 
If cp vanishes on the set {(t, x); t > T}, for every v the integral in (6.10) is 
computed by 
[a,(t) *h(uv(f, xk)) -b(&(t, xk))] df, xk) 4 
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where the sum ranges over all jumps of n,(t, e). We use here the notation 
In the case of a rarefaction wave of a genuinely nonlinear family, using 
(6.6), (6.7) together with 
D~(U).DF(U)-Dq(u)-0, (6.11) 
we obtain 
l%c(t)~4(%(t, Xk)) -47(%(t, -%))I = av-’ b/cl), (6.12) 
where, as usual, (~~1 denotes the strength of the jump at xk. For contact 
discontinuities, (6.11) implies 
k(t). 4(u,(t, x/J) - 4(u,(t, -4) = 0. (6.13) 
In the case of a genuinely nonlinear shock, Theorem 20.8 in [S] yields 
&At) . MU” (6 Xk)) - 4(U” (6 Xk)) 2 0. (6.14) 
If the jump at xk has type 0, then 
l-G(t) .h(u,(t, x!f)) -4(%(t, x/c))1 = fl’bkl). (6.15) 
To study the remaining case, where the jump at xk belongs to a pseudo- 
linear family, we adopt the same notations used in (3.6~(3.8). A property 
of the partition @ singled out at (3.9) must first be proved. 
LEMMA 5. Let f ** be the largest convex function on [O, Ioil] such that 
f **(si) = f *(si) = f(si) for all i = 0, . . . . pi. Then 
f**($Til)~f(~ld)+V-’ vj=o,...,q. (6.16) 
Proof: Recalling the definition of the nodes <,, < . . . G <,, given below 
(3.7), it clearly suffices to show that 
f**(&JGf*(Sh)+Vp’ Vh = 1, . . . . q’. (6.17) 
If th is also a node of the partition 8, the above inequality is trivial. 
Otherwise, consider the partition 8’ obtained from @ adding the node &,. 
To fix the ideas, say sj- i < t,, < sj. Since &’ is optimal one has 
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= [I (&(s’) - A,(s)) ds ds’ S,-,<SCS’<& +I -I &<S<S’<S, +,<s<s’<s, 1 
tk S, 
= 
s f (A,(s) - Ai( ds’ ds 
This proves (6.17), establishing the lemma. 
For any s E Cs,- 1, d if say j(Cril/q<S<(j+l) 1°il/qGS< 
(j+ 1) lail/q, from (6.16) it follows that 
f**(s)=f(sl-l)+(S-sSI-l)~i,l 
<f(s) + v-l + f**(s) -f** (y + lf(s)-f(i+y 
<f(s) + &v-l 
from some constant Cs. Setting 
(6.18) 
v(s) = r(e)), 4(s) = de)), 4 v’=ds’ 
4 
cl’=-&, 
by (6.11) we have 
A,(s) q’(s) -q’(s) = 0. (6.19) 
Using (6.18), (6.19) and recalling that ik(t)=Ai,,, lr~,J =s,-sIPI, while 
q” > 0 because of convexity, an integration by parts yields 
~,(t)‘drl-dq=S” rl’(S)[ni,l-pi] ~ 
S,-1 
= -j-‘, r]“(s) c’, CA,,-&(5)1 4 ds 
=- 
f ” ?“(s)C(s-sr-l)ni,,-f(s)+f(s,-,)I ds s/--l 
= 
I ” V(s)Cf(s) - f**(s)1 ds S/-I 
2 -C,v-’ 1~1~1 .max r]“(s). 
s 
(6.20) 
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Since the total strength of all waves of type 0 in u,(t, .) is < 2-“, the 
estimates (6.12)-(6.15) and (6.20) imply the existence of a constant C, such 
that 
lim inf 
Y-cc C-i,(t) ~4!(~“(~? Xk)) -4(%(C &))I cp(c x/J f& 
z/ok1 v-‘+2-” 
k 
‘m~q(t,x)dt~o, 
completing the proof. 
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